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We study the N = 1 supersymmetric cascading gauge theory found in type IIB string 
theory on p regular and M fractional D3-branes at the tip of the conifold, using the T- 
dual type IIA description. We reproduce the supersymmetric vacuum structure of this 
theory, and show that the IIA analog of the non-supersymmetric state found by Kachru, 
Pearson and Verlinde in the IIB description is metastable in string theory, but the barrier 
for tunneling to the supersymmetric vacuum goes to infinity in the field theory limit. We 
also comment on the N = 2 supersymmetric gauge theory corresponding to regular and 
fractional D3-branes on a near-singular K3, and clarify the origin of the cascade in this 
theory. 



1. Introduction 

The system of p _D3-branes and M D5-branes at the tip of the conifold in type IIB 
string theory [1] exhibits many non-trivial phenomena such as confinement, dynamical 
symmetry breaking and a rich landscape of ground states. It is also an important example 
of gauge/gravity duality, which plays a role in studies of string phenomenology and early 
universe cosmology. 

The low energy effective field theory of this system is an N = 1 supersymmetric four 
dimensional gauge theory with gauge group SU(M + p) x SU(p) and matter in the bifun- 
damental representation [1] . The rich vacuum structure of this gauge theory was described 
in [2]. It can be interpreted in terms of a "duality cascade" - a sequence of gauge theo- 
ries with varying ranks which provide a description of the different vacua. Some of these 
vacua have a regular type IIB supergravity description, which has also been extensively 
investigated. 

The T-dual of the type IIB construction of [1] is given by a system of iV,S5-branes and 
D4-branes in type IIA string theory. This system was mentioned in [1] and further studied 
in [3] . One of our goals below will be to build on the results of [3] and reproduce the results 
of [1,2] using the IIA description. We will also discuss some non-supersymmetric aspects 
of the dynamics. 

We will see that the IIA description provides a nice picture of the supersymmetric and 
non-supersymmetric vacua. As is standard in studying brane dynamics in string theory, 
the three descriptions (gauge theory, IIA and IIB) are valid in different regions in the 
parameter space of the brane system. This should not matter for the supersymmetric 
vacuum structure, and indeed we will reproduce the results of [1,2] in the IIA language. 
Many aspects of the non-supersymmetric vacuum structure are also expected to agree, and 
we will find that to be the case. 

Cascading behavior was found in a wide variety of theories, some of which do not 
exhibit Seiberg duality. We will briefly discuss an example of this phenomenon, aniV = 2 
supersymmetric quiver theory closely related to N = 2 SQCD, and use the IIA description 
to identify the origin of the cascade in this theory. 

The plan of the paper is as follows. In section 2 we introduce the classical N = 1 
supersymmetric gauge theory and IIA brane system that reduces to it at low energies. 
We review the structure of the classical moduli spaces in both languages, and show that 
they agree. We also discuss some non-supersymmetric vacua that appear for non-zero 
Fayet-Iliopoulos (FI) coupling. 
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In section 3 we discuss the quantum theory. We show that the quantum moduli space 
of the brane system is the same as that of the gauge theory, and in particular exhibits 
the cascading behavior found in [1,2]. The brane picture gives a simple description of the 
cascade and helps understand which vacua of theories with different values of p agree, and 
which do not. In this picture, the cascade is associated with the fact that for a given value 
of the UV cutoff the fivebrane in general winds around a circle. As one reduces the UV 
cutoff, the winding number decreases. This corresponds in the field theory language to 
decreasing p by a multiple of M. Vacua in which the fivebrane does not wind (or does not 
wind enough times) around the circle are not in general the same in theories with different 
values of p. 

In section 4 we discuss non-supersymmetric vacua of the brane system. We show 
that for the non-supersymmetric vacua that appear for non-zero FI coupling the quantum 
brane picture incorporates chiral symmetry breaking, which is expected to occur in the 
corresponding low energy gauge theory. We also discuss the IIA analog of the metastable 
states discussed in the IIB language in [4]. We find that these states are present in the 
brane system, but the barrier that separates them from the supersymmetric states goes to 
infinity in the field theory limit. Thus, they become stable in that limit. 

In section 5 we discuss the N = 2 supersymmetric analog of the cascading gauge 
theory, and in particular address the question how a theory that does not have Seiberg 
duality can have a duality cascade. We show that the situation is similar to that in the 
N = 1 case - the gauge theory has a rich set of vacua, some of which exhibit cascading 
behavior. Even in these vacua, different theories along the cascade differ by abelian factors 
in the gauge group. 

Section 6 contains a brief discussion of our results; an appendix summarizes some 
aspects of the IIA description of quantum N = 2 SQCD, which are useful for the discussion 
in section 5. 

2. Classical theory 

We start with a brief description of the classical gauge theory and the corresponding 
type IIA brane system. We refer the reader to [2,5] for a more detailed discussion of the 
two topics. We will draw heavily on the results described in these papers. 
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As mentioned in the introduction, we will be studying an N = 1 supersymmetric 
gauge theory with gauge group 

G = SUiNi) x SU(N 2 ) , (2.1) 

with 

N 1 = M+p; N 2 =p. (2.2) 

The matter consists of chiral superfields A a ai and B\ a , where i = 1, • • • , AT 1; a = 1, • • • , AT 2 , 
are gauge indices, and a, a = 1,2 are global symmetry labels. As implied by the notation, 
the matter fields transform under G as follows: 

A a (N U N 2 ), 

- (2-3) 
B & (N U N 2 ). 

There is also a tree level superpotential, 

Wo = ^e^A a ai Bi b 4j Bi $a = h {^uB\ b A b 2j Bi a - A a u B* 2b A b 2j B{ a ) . (2.4) 

To compare to standard discussions of N = 1 SQCD, it is useful to note that the SU(Ni) 
factor in the gauge group (2.1) "sees" 2A^ flavors, and similarly for 577 (N 2 ). Since Ni > N 2 
(2.2), in the quantum theory the quartic superpotential (2.4) is a relevant perturbation of 
the IR fixed point of the SU(Ni) gauge theory obtained by turning off the SU(N 2 ) gauge 
coupling, and an irrelevant perturbation of the corresponding SU(N 2 ) fixed point. 

The global symmetry of the model includes SU (2) x SU (2), with the two factors acting 
on the indices a and a, and a f/(l) symmetry which assigns charges +1 to A and —1 to 
B; this symmetry is usually referred to as baryon number. We will denote it by U(l)b and 
will mostly consider the theory in which it is gauged, since this is the case in the IIA brane 
system we will study. It is also useful to consider this case in the IIB theory, since it is 
relevant to the embedding of the conifold geometry in a compact Calabi-Yau manifold. 
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p M+p p 
I • • 1 

NS NS' 2tcR 6 x 6 

Fig. 1: The IIA brane configuration that realizes the cascading gauge theory. The 
-/VS5-branes are depicted in green, and are connected by M+p D4-branes on one 
side of the x 6 circle (whose radius is Re) and by p .D4- branes on the other. 



The IIA brane system that gives rise to the above gauge theory at low energies is 
depicted in figure 1. The system contains two kinds of branes: A^S^-branes localized on a 
circle x G ~ x 6 + 2tyRq, represented by green circles in the figure, and stacks of D4- branes 
connecting them, represented by red lines. The orientations of the different branes in the 
9 + 1 dimensional spacetime are as follows: 

NS : 012345 , 

NS' : 012389 , (2.5) 
DA : 01236 . 

This configuration preserves N = 1 SUSY in the 3 + 1 dimensions common to all the 
branes, (0123). 

The low energy effective theory of this brane system contains U(M + p) x U(p) N = 1 
SYM, associated with the massless excitations living on the M + p and p D4-branes, 
respectively, and chiral superfields A, B (2.3), which come from strings connecting the two 
stacks of L>4-branes. An overall U (1) in U {M+p) x U(p) is decoupled, and can be ignored, 
but the relative U(l) is precisely the U(l)b discussed above. Hence, the brane construction 
gives the theory in which this symmetry is gauged, as mentioned above. 

The classical U(Ni) gauge couplings are determined by the lengths of the correspond- 
ing branes, L{, 

1 = 4" ( 2 -6) 

gf g a h 

As is clear from figure 1, 



L t + L 2 = 2tvR 6i i.e. \ + \ = (2.7) 

gf gi g s i s 



Our purpose in the remainder of this section is to compare the classical moduli space of 
supersymmetric vacua of the gauge theory, studied in [2] , to that of the brane system. We 



will also discuss some non-supersymmetric vacua of the theory. In the next section we will 
describe the quantum moduli space. 

The D-term equations of this gauge theory can be written as the following matrix 
equations for the (p + M) x p matrices A a , St : 



U 



V 



u 



(2.8) 



M + p 



'-M+p 



with I n an n x n identity matrix, and 



(2.9) 



In the theory with gauged U(l)b, one must set U = 0; turning on a Fayet-Iliopoulos (FI) 
term £ for this U(l), modifies this to 



(2.10) 



Classical supersymmetric vacua correspond to solutions of the D-term equations (2.8) - 
(2.10) as well as the F-term conditions for the superpotential (2.4). For general M, p, 
and setting £ = for now, the solutions of these equations can be written, up to gauge 
transformations, in the diagonal form 



al 



^a3 



V 

fBlx 



B l 3 



\ 



Ap 



B p 

ctp 



\ 



J 
\ 



J 



The eigenvalues A^ a and S? , a = 1, • • • ,p satisfy the constraints 



(2.11) 



Ei^i 2 -Ei^i 2 = - 



(2.12) 
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For given a, the eigenvalues are four complex fields, which satisfy one real constraint 
(2.12). Another real field (for each a) is removed by the (Higgsed) gauge symmetry. Thus, 
the moduli space is 3p (complex) dimensional. It can be described by the 4p complex 
coordinates 

Z aa = A aa Baa 5 (2-13) 

which satisfy the (complex) constraints 

det Qd ^ d = . (2.14) 

Together with the symmetry of permutation of the p eigenvalues, we conclude that the 
classical moduli space is a symmetric product of p copies of the singular conifold (2.14), 

Mo = Sym p (C ) . (2.15) 

At a generic point in the moduli space, the low energy theory consists of an SU(M) N = 1 
SYM theory 1 and p copies of N = 4 SYM with gauge group U(l). 

In terms of the brane system of figure 1, the moduli space described above is obtained 
by noting that the configuration contains p L>4-branes that wrap the circle, and can thus 
freely move in the 1R 5 labeled by (45789); another (compact) dimension of moduli space 
is obtained from a component of the gauge field on the fourbanes, A 6 . A generic point in 
the moduli space is described in figure 2. The p mobile branes support U(l) p N = 4 SYM, 
while the M localized branes give rise to pure N = 1 SYM with gauge group SU (M) (and 
a decoupled U(l) mentioned above), in agreement with the gauge theory analysis. 




6 NS NS' 2ttR 6 

Fig. 2: A generic point in the classical moduli space, p D4-branes wrap the x 6 
circle and can move in the transverse space; M are stretched between the fivebranes 
and give rise to SU{M) N = 1 SYM. 

1 The unbroken SU(M) is a subgroup of the SU(M + p) factor in (2.1). 
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The form of the moduli space (2.15) is very natural from the brane perspective: in 
the classical gauge theory limit, the separation between the fivebranes goes to zero [5], and 
the M D4-branes in figure 2 can be ignored. The fivebranes are described by the equation 
vw = 0, where 

v = x 4 + ix 5 ; w = x 8 + ix 9 . (2.16) 

This is known to be a dual description of the conifold (obtained by T-duality in x 6 ; see 
e.g. [6-8]). Under this T-duality, the mobile D4-branes turn into D3-branes living on the 
conifold, in agreement with (2.15). 

We next turn to the case where the FI parameter £ (2.10) is non- vanishing. In general, 
supersymmetry is then broken, with vacuum energy V ~ g 2 ^ 2 [2] . The case 



p = kM, 



(2.17) 



with integer k is special. In that case the gauge theory has an isolated supersymmetric 
vacuum, in which for £ > one has B„ = 0, 



A a=1 = C 



fVk 
Vk~^l 




V 












0^ 




1 0/ 



(2.18) 



and 



la=2 



C 



/0 1 . 
V2 . 
V3 . 



\ 






(2.19) 



\0 .0 VkJ 
Each entry in the matrices (2.18), (2.19) is proportional to an M x M unit matrix, and 
the constant C satisfies (2.9), (2.10), £ = k(k + 1)M\C\ 2 . For £ < 0, one finds a similar 
vacuum with A •<-> B. The low energy theory in the baryonic vacuum is described by an 
unbroken SU(M) N = 1 SYM, but unlike the mesonic branch, this SU(M) is embedded 
non-trivially in both factors of the gauge group G (2.1). 

In the theory with gauge group SU ((k + 1)M) x SU (kM) (i.e. with ungauged baryon 
number), (2.18), (2.19) give rise to a one complex dimensional moduli space of vacua 
labeled by C, which is usually refered to as the baryonic branch. Our interest is in the 
theory where U(l)b is gauged, in which (classically) it only appears for non-zero £ and is 
isolated. 
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In the brane system, the FI coupling £ corresponds to the relative displacement be- 
tween the fivebranes in x 7 [5]. It is clear that generically this breaks supersymmetry, 
leading to configurations such as that of figure 3, in which different D4- branes are not 
mutually BPS. 



x 




Fig. 3: Turning on an FI term in general leads to branes at an angle and breaks 
SUSY. 



The baryonic vacuum (2.18), (2.19) is described in terms of the branes by the configu- 
ration of figure 4. The red line corresponds to a stack of M D4-branes, which connects the 
NS and iVS"-branes, in the process winding k times around the circle. It is easy to check 
that all the branes in figure 4 are mutually BPS and the configuration is supersymmetric. 
Note that the vacuum of figure 4 is isolated, as expected from the gauge theory analysis. 
Turning off the FI term, i.e. taking the iV£"-brane in figure 4 to the x G axis, leads to the 
configuration of figure 1, with p = kM. Thus, the baryonic vacuum coincides in this case 
with the origin of the mesonic branch, as in gauge theory. 



It is also clear from the figure that the low energy theory in this vacuum is pure N = 1 
SYM with gauge group SU(M), and that this SU(M) is non-trivially embedded in the 
full gauge symmetry SU((k + 1)M) x SU(kM). A quick way to find this embedding is to 
calculate the gauge coupling of the unbroken SU(M), g. Taking £—>■(), the coupling is 
related to the length of the branes, as in (2.6): 

1 _ Li + 27rkR G _ fe + 1 k 
£T g s ls 91 92 
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NS' 




Fig. 4: The baryonic vacuum for £ 7^ corresponds to a stack of M L>4-branes 
connecting the fivebranes and winding k times around the circle (A; = 2 in the 
figure) . 

Thus, the unbroken gauge group is the diagonal SU(M) subgroup of an SU(M) h+1 sub- 
group in SU((k + 1)M) and an SU(M) k subgroup of SU(kM) : in agreement with the 
gauge theory. 

Finally, figure 4 makes it clear that by moving the iVS"-brane in x 6 , we can change 
the winding number of the spiraling L>4-branes, and thus k, by one or more units, without 
changing the low energy theory. 2 This is a classical precursor of Seiberg duality [9], which 
is known to play an important role in the quantum dynamics of the cascading gauge theory. 
The way it appears here is reminiscent of the discussion of [10]. We will discuss its quantum 
analog in the next section. 

In addition to the supersymmetric vacuum of figure 4 (or eqs (2.18), (2.19) in gauge 
theory) the brane system has a series of non-supersymmetric vacua labeled by the winding 
number of the M D4-branes stretched between the fivebranes, / = 0, 1,2, The 
vacuum with winding number I contains M .D4-branes connecting the NS and iV£"-branes 
while winding I times around the circle, and p — IM mobile D4-branes. The vacuum with 
/ = is the one described in figure 3, while that with I = k corresponds to figure 4 (and is 
supersymmetric for p = kM). 

Since the vacua with I < k are not supersymmetric, it is natural to ask what is 
the potential on the 3(p — IM) complex dimensional pseudomoduli space. Far along the 
moduli space {i.e. for large A, B in (2.12), or z in (2.13)) and at weak IIA string coupling, 
it is clear that the leading effect is due to closed string exchange between the mobile 
fourbranes and those stretching between the fivebranes. Since these branes are not parallel, 

2 Of course, if we keep the parameters L, Re fixed in the process, the (classical) gauge coupling 
of the SU(M) gauge theory changes, but we can adjust these parameters so that it does not. 
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the gravitational attraction does not precisely cancel the RR repulsion, and there is a net 
attractive force pulling the mobile branes towards the localized ones. 

The resulting dynamics facilitates a change in I, as demonstrated in figure 5, in which 
a stack of M mobile L>4-branes is pulled towards the fivebranes (a); when it intersects 
them (b), the brane configuration has an instability towards reconnection (c), due to the 
presence of an open string tachyon living at the intersection. Condensation of this tachyon 
leads to the configuration (d), in which / has increased by one unit. The endpoint of this 
process is the supersymmetric vacuum, with I = k (figure 4). 3 




X 6 



Fig. 5: Open string tachyon condensation connects vacua with different values of 
I. 

The above brane discussion has a gauge theory counterpart. The F and D term 
potential at non-zero £ has a series of non-supersymmetric vacua in which the matrices 
A and B split into a block of size (I + 1)M x IM in which they look like (2.18), (2.19) 
with k — > /, and a block of size p — IM, which looks like (2.11). The eigenvalues (2.12) 
label the pseudomoduli space as in the discussion around (2.13). The potential for the 
pseudomoduli is classically flat, however near the origin of pseudomoduli space there is a 

3 One might think that there are other non-supersymmetric but locally stable ground states 
in which the winding numbers of the different fourbranes connecting the fivebranes are different 
and the SU (M) gauge symmetry is broken, but this is not the case. 
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tachyonic instability in a different direction in field space, which takes the system towards 
the supersymmetric vacuum (2.18), (2.19). 

A natural question is what is the field theory analog of the classical gravitational 
attraction that in the brane description gives a potential on pseudomoduli space and leads 
to the isolated baryonic vacuum of figure 4. In other closely related brane systems, such 
as those that appear in the discussion of the ISS model, this potential is the Coleman- 
Weinberg (CW) potential computed in [11]. It is natural to expect the same to happen 
here; we will leave a detailed analysis to future work. 

The gravitational brane attraction can be described from the field theory point of view 
in terms of a non-canonical Kahler potential for the light fields. As disussed in [12-14], 
this effect is not identical to the CW potential. The two are dominant in different regions 
in the parameter space of the brane system, but tend to lead to similar dynamics. 

So far we focused on the case p = kM (2.17), but it is easy to generalize to 



Most of the discussion of this case is the same as before. After all but p of the mobile 
D4-branes have combined with the localized fourbranes via the process of figure 5, we 
are left with p < M branes in the bulk. These branes are also attracted to the spiraling 
fourbrane and undergo a process similar to that of figure 5, except now it affects only p of 
the M spiraling fourbranes. This leads to a state in which we have M — p fourbranes which 
stretch between the fivebranes while winding k times around the circle, and p fourbranes 
which wind k + 1 times (see figure 6). Clearly, this state is not supersymmetric (for generic 
p) . We see that in this case, turning on an FI term causes the moduli space to collapse to 
an isolated non-supersymmetric vacuum. 



p = kM + p; 



1 <p<M -1 . 





2jiR 6 4ltR 6 67tR 6 

Fig. 6: The ground state of the brane system with non-zero £, viewed in the 
covering space of the x 6 circle. M — p fourbranes have winding k, while p have 
winding k + 1. The specific case exhibited is k = p = 1, M = 2, p = 3. 
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The low energy dynamics of the theory with non-zero p can be read off from figure 6. 
The unbroken gauge group is SU(M — p) x SU(p) x U(l)b- The embedding of this group 
in (2.1) can be determined in a similar way to the discussion around (2.20). The gauge 
group can be written as 

SU(M+p)xSU(p) = SU {(k + 1)(M - p) + (k + 2)p)xSU(k(M-p) + (k + l)p) . (2.22) 

The first factor contains a [SU(M — p)] k+1 x [SU(p)] k+2 subgroup; the second contains 
[SU(M — p)] k x [SU(p)] k+1 . The gauge group corresponding to figure 6 involves the diag- 
onal SU(M -p)x SU(p) of all these factors. 

There are two kinds of matter fields. One comes from strings both of whose ends lie 
on the same stack of fourbranes. In addition to the gauge fields, these give fermions in 
the adjoint representation of the gauge group, which in the absence of the second stack of 
fourbranes would be the gauginos of an N = 1 supersymmetric model. The second comes 
from open strings stretched between the two stacks, and is localized at their intersections. 
As shown in [15], two D4-branes ending on an N SS-hxaxve at a generic angle give rise to 
a massless Dirac fermion. 4 Thus, the vacuum of the theory of figure 6 contains fermions 
in the bifundamental of SU(M — p) x SU(p) charged under U(l)b, i.e. the light matter is 
similar to that of the original cascading gauge theory, without the scalars. 

So far we discussed the non-supersymmetric vacuum of the theory with generic p from 
the point of view of the IIA brane construction, but it is easy to repeat the discussion in 
the gauge theory language. For £ > 0, the vacuum field configuration is obtained by 
splitting each M x M block on the diagonal in (2.18), (2.19) into blocks of size M — p and 
p. Looking back at (2.22) we see that in the blocks of size M — p we should use the ansatz 
(2.18), (2.19), with C = C M _~ ■ In the blocks of size p we should use a similar ansatz, with 
k — >■ k + 1 and C = C~. The D-term potential takes the form (up to an overall constant) 

V D ^k(M - p) (\C M _~\\k + 1) - + (k + l)p (\Cf{k + 2) - 

^ k +i ^ m - a {} c m-^ - 2 + (* + 2)p (\cf { k + 1) - _y 2 . 

(2.23) 

4 The lightest bosonic fields have a mass that depends on the angle between the fourbranes 
and is non-zero unless these branes are parallel. 
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Minimizing w.r.t. C~ and C, . ~ we find 

° p M—p 

\c i 2 - i ( l i 1 

1 m "p' 2k + 1 \p M + p 

|CH 2 =-L_ f i + _J_ 

1 p 1 2/c + 3 VP M + p 

For p = 0, M this reduces to the supersymmetric result of [2]. 

To summarize, we found that the classical brane configuration has the same vacuum 
structure as the classical gauge theory. As usual [5] , the IIA description provides a simple 
geometric picture of the vacuum structure and low energy dynamics in a certain region of 
the parameter space of brane configurations. In the next section we move on to the quan- 
tum theory and compare the structure one finds in the gauge theory and brane pictures. 



3. Quantum theory 

In studying quantum effects we start from small values of p, and then proceed to 
larger ones. 

3.1. p = 

The field theory described in section 2 is in this case N = 1 pure SYM with gauge 
group SU{M). This theory generates dynamically a mass gap A 1? and has M isolated 
vacua in which the superpotential takes the values 

W = MAfe 2 ^; r = l,---,M. (3.1) 

The index r labels M vacua related by a Z^m R-symmetry (the anomaly free part of a 
U(1)r symmetry), which is dynamically broken to Zi. 

The brane description leads to a similar structure. The fivebranes and the D4-branes 
ending on them combine into a smooth curved fivebrane [16] whose form is given by 

vw = ( 2 ; v = Q e -z/*M ; (3_ 2 ) 

where 

z = x 6 + ix n , (3.3) 

and Am = g s l s M = RM, with R the radius of the M-theory circle, x 11 ~ x 11 + 2ttR. We 
assume that the IIA string coupling is small but g s M is large, so that R = g s l s is small 
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but the characteristic size of the fivebrane (3.2), which is governed by £, Am, is large (in 
string units). 

Since the position of the fivebranes in x 6 does not approach a constant value at large 
v, w, we need to impose a UV cutoff on the brane configuration. One way to do that [3] is 
to define the radial coordinate 

u 2 = \v\ 2 + \w\ 2 = 2( 2 co S h^ , (3.4) 

Am 

and take it to be bounded, u < u^. The curved fivebrane (3.2) must satisfy the boundary 
condition 

Ax 6 ( Uoo ) = L x . (3.5) 

We assume that L\ < 2-kRq, i.e. the distance between the fivebranes at the cutoff scale is 
smaller than the size of the circle. The profile of the brane is schematically exhibited in 
figure 7. 

L, 




Fig. 7 : The quantum ground state of the brane system with p = is described by 
the curved fivebrane (3.4), (3.5). 



Note that the quantum theory is defined by specifying the parameters M, Am, Uoo, 
Rq and L\. The dynamical scale £ is a derived quantity, and can be calculated in terms 
of these parameters by using (3.4): 

C = M oc exp(-L 1 /2AM) = w 00 exp(-l/2A M ) ) , (3.6) 

where we defined the four dimensional 't Hooft coupling in the usual way [5], A M ^ = Xm/L\, 
and assumed that it is small. One can think of A M "* as the coupling at the UV cutoff 
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scale, ttoo. The coupling at an arbitrary scale u can be similarly denned by replacing 
Ax 6 (w 00 ) = Li by the distance between the two arms of the curved fivebrane in figure 7, 
Ai 6 (w). For large u it takes the form 

— I — ~21n^~— — ^ + 2 In— . (3.7) 

The preceding discussion is very similar to what happens in gauge theory, where the role 
of u is played by the RG scale, Uoo is the UV cutoff, and the 't Hooft coupling. The 
analog of the relation (3.6) then gives the QCD scale of the theory, which we denoted by 
Ai in (3.1); the analog of (3.7) governs the RG flow of the gauge coupling. 

As is well known [16], the fivebrane (3.2) actually describes a system with M vacua, 
associated with multiplying £ by an M'th root of unity. These M vacua correspond to the 
ones labeled by r in (3.1). 

3.2. < p < M 

The gauge theory has in this case three scales: the dynamically generated scales of 
the two factors in the gauge group (2.1), Ai, A2, and the superpotential coupling h (which 
has units of inverse energy) . Due to holomorphy, the moduli space can be studied for any 
ratio of these scales. A convenient regime is one in which the gauge coupling of SU(N2), 
<72, and Yukawa coupling h, are small at the scale of SU (Ni), Ai. In that case we can first 
analyze the SU(Ni) dynamics, and then add the other interactions. 

Since for p < M the SU(Ni) theory has fewer flavors than colors, we can describe the 
supersymmetric vacua in terms of the 2p x 2p meson matrix 

M a a6lb = A a ai Bl b . (3.8) 

The superpotential for these fields takes the form 

1 

/ a 3M+p \ M-p 

W e{ ? = W + (M-p) l-^r) • (3-9) 



The F-term constraints of (3.9) lead to M vacua, which can be thought of as the M vacua 
of the SU(M) pure SYM theory that appears at a generic point in the classical moduli 
space discussed in section 2. 

The mesons (3.8) transform in the adjoint (+ singlet) representation of SU(N 2 ). Their 
SU(N 2 ) dynamics is weakly coupled at low energies. The main effect of this dynamics is 
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to impose the D-term constraints that, along the moduli space, allow one to diagonalize 
them (in a, b) for all a, a. 

Thus, the moduli space is labeled by the eigenvalues M^ da , a = 1, • • ■ ,p, which satisfy 
the constraints (that follow from (3.9)) 

i 

hfet aa M a aaa = e M , p (r, I = 0) ~ (Va? m+p ) m , (3.10) 

i.e. they lie on the deformed conifold, with deformation parameter ejvf iP (r, 1 = 0). r is an 
index that labels the M vacua related by a broken Zm symmetry, as above. The role of 
the parameter I will become clear shortly. 
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Fig. 8: The quantum moduli space of the brane system with M > p > is 
described by p D4-branes wrapping the x 6 circle in the vicinity of the curved 
fivebrane of figure 7. 

To describe the moduli space of vacua in the brane language we need to turn on g 8 
effects in the system of figure 2. This involves replacing the A^iSS-branes connected by 
M D4-branes by the curved fivebrane (3.2). The p D4-branes in figure 2 then propagate 
in the vicinity of this fivebrane (see figure 8). Hence, their moduli space is the deformed 
conifold (as implied by T-duality). We conclude that the quantum generalization of the 
classical moduli space (2.15) is 

M = ®?L 1 Sym p (Cr,i=o) , (3.11) 
where C r ,/=o is the deformed conifold 

detz a( i = e , (3-12) 

with deformation parameter e = C 2 . We see that the structure of the moduli space agrees 
with that found in gauge theory. 
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3.3. p = M 

The gauge theory analysis of [2] leads in this case to a moduli space of the form 

M = ©Lo ©£i Sym M(1 _ {C r ,i) . (3.13) 

It is obtained by noting that the SU(M + p) factor in (2.1) has equal numbers of colors 
and flavors. Thus, the SU(Ni) dynamics leads at low energies to a cx-model for the mesons 
M (3.8), and baryons A = A Nl , B = B Nl . The classical moduli space, which is labeled by 
M, A, B, subject to the relation detM = AB, is deformed in the quantum theory to 

detM -AB = Al Nl . (3.14) 

Adding the effect of the superpotential Wq (2.4), which is quadratic in the mesons, leads 
to two types of vacua. The mesonic (or / = in (3.13)) vacua have A = B = and detM = 
Al Nl . The SU(N 2 ) D-terms lead then to a moduli space described by the eigenvalues of 
M, as in (3.10), (3.11). The baryonic (/ = 1) vacua are obtained by setting the mesons 
M = 0; the baryons then satisfy the constraint AB = — A^ 1 . The low energy theory is 
pure N = 1 SU(M) gauge theory, which gives rise to the M isolated vacua labeled by 
r in (3.13). Note that while in the classical theory the baryonic vacuum is identical to 
the origin of the mesonic branch, in the quantum theory the two are distinct, due to the 
deformation (3.14). The classical result is recovered in the limit Ai — > 0. 

We now turn to the brane description of the vacua (3.13). The mesonic (/ = 0) branch 
is described in the same way as for p < M, by the configuration of figure 8 (the quantum 
version of figure 2), with p = M. The baryonic vacua are also easy to describe, following 
the discussion of section 2. We saw there that the classical baryonic vacuum of the gauge 
theory, (2.18), (2.19) is described by L>4-branes with non-zero winding (see figure 4). It is 
natural to expect that something similar happens here. 

In more detail, the baryonic vacua are described by the quantum version of a brane 
configuration in which M branes connect the NS and A5"-branes while winding once 
around the circle. The classical configuration is indistinguishable from that of figure 1 
(with p = M), which can also be thought of as the origin of the mesonic branch of figure 
2, but quantum mechanically the two are different. While the mesonic branch is replaced 
by the configuration of figure 8, a baryonic vacuum gives rise to that of figure 9. 
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Fig. 9: The baryonic vacua of the brane system with p = M, viewed in the 
covering space of the x 6 circle. Vertical dashed lines are separated by 2-kRq and 
are identified on the circle. 

In the covering space, it is again described by the profile (3.2), but with the boundary 
conditions (3.5) replaced by 

Ax 6 (uoo) = Lt +2ttR 6 . (3.15) 

As in the discussion of section 2, the fact that the curved fivebrane (3.2) winds once 
around the circle implies that unlike the mesonic branch of figure 8, here there are no 
mobile D4-branes and the vacuum is isolated. The dynamically generated scale in the 
baryonic vacuum of figure 9 differs from that of the mesonic one (figure 8) as well. In 
general, the scale is given by (see eq. (3.6)), 

C = Mooexp (-Ax G (u 00 )/2X M ) ■ (3.16) 

In the vacua of figures 8, 9 one has 

Ax 6 («oo) = L x + 2nR 6 l , (3.17) 

with the winding number / = 0(1) in the mesonic (baryonic) branch. Plugging (3.17) into 
(3.16) we find that 

Ci = Wooexp '- = Coexp - — = ( I™ , (3.18) 



2Xm J V 2Am 



eX p ( ) . (3.19) 



with 

T = exn I — 

ls9s 

This expression for the scale is the same as that obtained in gauge theory [2]. We will 
discuss the general relation in the next subsection. 

An interesting feature of the brane configuration of figure 9 is that there are actually 
two different values of the UV cutoff for which the two "arms" of the curved fivebrane 
are separated on the x 6 circle by the distance L\. One is the value drawn in figure 9, which 
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corresponds to (3.15) and describes a fivebrane that winds once around the circle. The 
second is obtained by lowering the value of until the distance becomes L\ again, this 
time with no winding. In terms of the dynamically generated scale (3.18) the two values 
are given by (jexp(Li 4- 2tvRq)/2Xm and (jexp(Li/2AM), respectively. For the second 
(lower) value of the cutoff, for u < Uqo the brane configuration is identical to the one 
depicted in figure 7, which describes the vacuum of the theory with p = 0. Thus, we see 
that the two are equivalent at long distances; the low energy theory is in both cases N = 1 
pure U(M) SYM theory. 

This infrared equivalence between the U(2M) x U(M) and U(M) theories can be 
thought of as a consequence of Seiberg duality. Seiberg duality is usually realized in IIA 
string theory via motions of fivebranes [10]. Here, this motion occurs dynamically, as a 
function of the RG scale it. The situation is under better control than in [10], since the 
fivebrane configuration of figure 9 remains smooth 9bS Ujqq IS decreased. Thus, in this case 
one does need to rely on unproven conjectures to establish the equivalence between the 
baryonic vacua of the theory with p = M and the vacua of the one with p = 0. 

A few other features of the brane construction are useful to note: 

(1) While the baryonic (/ = 1) vacua of the theory with p = M can be identified with 
those of the p = one, this equivalence is not true for the mesonic vacua. Indeed, in 
the configuration of figure 8, the distance on the circle between the two arms of the 
curved fivebrane is strictly smaller than L t for all u below the UV cutoff u^. There 
is clearly no corresponding vacuum of the theory with p = 0. 

(2) In section 2 we discussed what happens when we turn on an FI term for U(l)b in 
the classical gauge theory. In the quantum theory the situation is essentially the 
same. The mesonic branch of moduli space is lifted by the perturbation, since the 
mobile fourbranes in figure 8 are no longer mutually BPS with the curved fivebrane, a 
rotated version of (3.2). The baryonic vacua, which contain no mobile branes, are still 
supersymmetric. The curved fivebrane that describes them is the quantum version of 
the classical configuration of figure 4. 

(3) One could consider increasing the UV cutoff in figure 9, rather than decreasing 
it, i.e. flowing up the RG. This relates the vacua of the theory with p = M to those 
of theories with p = kM, k > 1. We will discuss such theories next. 
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34- P> M 

For general M and p, the gauge theory analysis of [2] leads to the moduli space 

M = ©to ©£i Sym p _ ZM (C r ,,) , (3.20) 
where k is defined in (2.21), and the deformation parameter of the conifold C r ^\ is given by 

CM lP (r, /) = e MlP (r, / = 0)/(M,p)^ , (3.21) 

with 

J(M, p) = ^+2p A 3M+ PA p-2M = ^ir 

The last equality expresses the factor I(M,p) in terms of the D-instanton amplitude in 
type IIB string theory. In particular, in string theory this quantity is independent of M, 
p. 

As before, the index r labels vacua related by the broken Zm symmetry; the r de- 
pendence corresponds to picking different M'th roots of the identity in (3.21). A natural 
field theory interpretation of the quantum number / in (3.20) involves a series of Seiberg 
dualities that take SU(M + p) x SU(p) to SU(p - (I - 1)M) x SU(p - IM). From the 
IIB perspective, vacua with given / involve p — IM mobile D3-branes propagating on the 
deformed conifold with deformation parameter 6m,p(t, I) (3.21). 

To describe the vacuum structure (3.20) using the IIA brane construction of figure 1, 
we need to generalize the discussion of the previous subsections to all p. The parameter / 
labeling different branches of moduli space (3.20) has a clear IIA interpretation - it is the 
winding number of the D4-branes connecting the NS and A^5"-branes. In a vacuum with 
given /, M £>4-branes stretch from the NS- brane to the A^S"-brane, in the process winding 
/ times around the circle. This leaves p — IM mobile D4-branes wrapping the circle, which 
live as before on a deformed conifold. 

The fivebranes with L>4-branes ending on them are described quantum mechanically in 
terms of a connected curved fivebrane (3.2), with the scale parameter C = (3-18), (3.19). 
The mobile D4-branes live on a deformed conifold (3.12) with deformation parameter 
6M,p(f, I) = C; 2 ? which can be written in the form (3.21), with I(M,p) given by (3.19). This 
agrees with the IIB result (the last expression in (3.22)), since one can think of (3.19) as 
the amplitude of a D-instanton obtained by wrapping a Euclidean D0-brane around the 
x 6 circle. This brane is related by T-duality to the IIB D-instanton whose amplitude is 
given by (3.22). 
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Note that the deformation parameter goes like X 1 , with 



.V e xp( ZjJh) . (3.23) 



M 

If we choose the 't Hooft coupling at the cutoff scale A M ^ to be very small, as we have done 
in the discussion around (3.6), the parameter X is very small as well. Thus, the scales of 
vacua with larger / are strongly suppresed relative to those with smaller /. This should 
be contrasted with the situation in the IIB theory where at large 't Hooft coupling (the 
supergravity regime), the analog of X (3.23) is very close to one, and one has to consider 
large values of / to get large suppression. 

We see that the IIA brane description reproduces the structure of the supersymmetric 
moduli space (3.20), and the dependence of the deformation parameter (3.21) on the branch 
(i.e. on r and /). One can also compare the value of the superpotential in the different 
vacua. 5 In the field theory, gluino condensation in a low energy SU(M) subgroup of G 
(2.1) leads to the superpotential 

W = ML 1 {M,p)^I{M,p)^ , (3.24) 

where 

L 1 (M,p) = h p A 3 1 M+p . (3.25) 

In the brane language, the superpotential was computed in [16] and is given (up to a 
universal overall constant) by 

W ~ M(? . (3.26) 

Substituting the form of Q (3.18) into (3.26), we conclude that the two expressions agree 
if we take 

Co^MM,^ • (3.27) 

This identification is natural since the right hand side is nothing but A 3 , the non- 
perturbative superpotential of the low energy SU(M) gauge theory in the vacuum with 
/ = 0. 

Comments: 



5 The value of the superpotential is important for calculating the tension of BPS domain walls 
between vacua with different values of r in (3.20). 
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(1) In section 2 we discussed the classical vacuum structure in the presence of an FI D- 
term. From the IIA brane perspective, it is clear that the situation in the quantum 
theory is similar. If p is not divisible by M (i.e. if p ^ in (2.21)), the vacuum 
spontaneously breaks supersymmetry. We will discuss this case further in the next 
section. For p = 0, the vacua with < / < k again break supersymmetry, while 
the vacuum with / = k, which corresponds to the quantum generalization of the 
configuration of figure 4, does not (it is M-fold degenerate, as in (3.20)). 

(2) As mentioned above, in field theory the vacua (3.20) with / > can be understood in 
terms of Seiberg duality. This too has a natural interpretation in the brane construc- 
tion, as we saw in the previous subsection for p = M. A vacuum with given / involves 
M D4-branes connecting the fivebranes while winding / times around the x 6 circle, 
making a single curved fivebrane of the form (3.2), with C = (3.18). By decreasing 
the UV cutoff while keeping the two arms of the fivebrane at the same distance on 
the x 6 circle one obtains a vacuum of the theory with p — >■ p — M and /—)•/ — 1 (such 
that the number of mobile D4-branes, p — lM, remains fixed). Looking back at (3.18) 
we see that 

Uoo (p — M) = I™ Uoo (p) . (3.28) 

This is the IIA manifestation of the duality cascade. 

(3) In gauge theory there are actually two versions of Seiberg duality. The strong version 
asserts that the electric and magnetic theories of [9] are equivalent in the infrared 
at the origin of moduli space and in the absence of deformations of the Lagrangian. 
In general one or both of these (conformal) theories are strongly coupled, and their 
equivalence has not been proven to date. The weaker version concerns the infrared 
equivalence of the two theories in the presence of deformations, and/or along moduli 
spaces of flat directions. In this case, one can often analyze the long distance behavior 
of both theories precisely and show their equivalence. Examples of this were studied in 
the original work of [9] and many subsequent papers. A discussion in a context closely 
related to the cascading gauge theory appears in [17]. In the IIA brane description 
of Seiberg duality [10], the strong version of Seiberg duality involves exchanging NS 
and A^S"-branes connected by D4-branes, which involves fivebranes intersecting at a 
point in the extra dimensions. The statement of duality is that this process is smooth, 
which is non-trivial and unproven to date. The weak version of the duality involves 
smooth deformations of the brane system, which obviously do not change the low 
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energy behavior. The discussion above makes it clear that the cascading gauge theory 
only requires the weak version of the duality. This is why it is manifest in the brane 
description. It also makes it clear that while the authors of [2] used Seiberg duality 
to derive the vacuum structure of the model, one should be able to do this without 
that assumption, and show that the resulting vacuum structure exhibits the correct 
duality structure. 

(4) There are many other aspects of the gauge theory that can be studied in the brane 
description, such as domain walls connecting different vacua, QCD strings etc. This 
description is also useful for discussing generalizations of the Klebanov-Strassler 
construction to other cascading gauge theories. For example, one can replace the 
NS — D4 — NS' system in figure 2 by a more general one, with or without supersym- 
metry, and repeat the discussion of the last two sections. 

4. Non-supersymmetric brane configurations 

In the previous section we focused on supersymmetric vacua of the quantum theory. 
In this section we would like to comment on some aspects of the non-supersymmetric 
dynamics. 

4-1. Non-supersymmetric vacua with £ ^ 

In section 2 we discussed the classical theory with non-zero FI parameter for U(l)j,. 
We saw that the vacuum structure depends on whether p is a multiple of M (2.17). If it is, 
the lowest energy state is supersymmetric; it is described by the field configuration (2.18), 
(2.19) in the gauge theory, and by the brane configuration of figure 4 in the IIA language. 
On the other hand, if p in (2.21) does not vanish, the ground state is non-supersymmetric; 
it is described by the brane configuration of figure 6 and corresponding field configuration 
(discussed around (2.23)). 

It is interesting to study the quantum generalization of this brane configuration. An 
important effect that needs to be taken into account in this case is the interaction between 
the M — p L>4-branes that wind k times around the circle, and the p D4-branes that wind 
k+1 times. Since the two stacks of fourbranes are no longer parallel, there is a force between 
their endpoints on the iVS^-branes. This force is due to an incomplete cancellation between 
the electrostatic repulsion between the endpoints, which can be thought of as (like) charges 
on the fivebrane, and the attraction due to scalar exchange. The former is independent of 
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the angle between the two stacks of D4- branes, while the latter goes like cos 9, the angle 
between the two stacks. 

Thus, the total force is repulsive, and goes like 1 — cos 9. This force was discussed in 
a different context in [18], where this repulsion played an important role in comparing the 
dynamics of the branes to that of the corresponding low energy field theory. There, it gave 
rise to a runaway of certain pseudomoduli; in our case, the L>4-branes cannot escape to 
infinity, since the two fivebranes they are connecting are stretched in different directions. 
Thus, the effect of the repulsion is to push them away from each other by a finite distance. 

This has a natural interpretation in the low energy field theory of the brane system 
of figure 6. As mentioned in section 2, this theory is an SU(M — p) x SU(p) x U(l)b 
gauge theory coupled to fermions in the bifundamental representation. These fermions 
are classically massless, but quantum mechanically are expected to acquire a mass due to 
chiral symmetry breaking. The separation of the two stacks of D4-branes leads to precisely 
this effect. The chiral symmetry broken by the vacuum is part of the 9 + 1 dimensional 
Lorentz group corresponding to rotations in (45) and (89). 

One can in principle study the quantum deformations of the configuration of figure 6 
in more detail when the parameters M and p are in particular regimes. For example, if 
g s M is large while p is of order one, one can replace the A^S-branes connected by M — p 
DA- branes in figure 6 by a curved fivebrane, which looks like a rotated version of (3.2), and 
study the shape of the p probe DA- branes which end on this fivebrane and wind k + 1 times 
around the circle. If both g s M and g s p are large, we can replace them by a two center 
solution and look for the lowest energy configuration with the given boundary conditions. 
We will leave these calculations to future work. 

The authors of [2] proposed to use the system with non-zero FI parameter as a possible 
model of early universe cosmology. It is interesting to reexamine this proposal in the regime 
of validity of the IIA brane construction. Consider, for example, the model with p = 1, 
i.e. p = kM + 1 (see (2.21)), k ^> 1 and £ 7^ 0. For £ = 0, the quantum moduli space 
has multiple branches (3.20), most of which are unstable for non-zero £. In the IIA brane 
picture, the mobile branes are attracted to the curved fivebrane, and are absorbed by it 
as described in section 2 (figure 5). Even if the FI parameter is not small, i.e. the relative 
displacement of the A,S5-branes in figure 3, Ax 7 , is comparable to the distance between 
the fivebranes Li, as the process of figure 5 takes place, the angle the curved fivebrane 
makes with the x 6 axis decreases, and thus the attractive potential felt by the mobile 
DA- branes becomes more flat. 
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Consider the final step in this process, where all fourbranes but one have been absorbed 
by the winding curved fivebrane, which takes the (quantum generalization of the) shape in 
figure 4, with winding k. The remaining single mobile fourbrane is subject to a long range 
attractive potential proportional to 1 — cos 6^, where 9k is the relative angle between the 
mobile and bound D4-branes, 

ta "^= L 1+ A W - 
For large k this angle goes like 1/k, 

At 7 

e k ~ J^— . (4.2) 

Since the M bound fourbranes wind k times around the circle, the attractive potential felt 
by the mobile fourbrane goes like V ~ kM(l — cos6>fc) ~ M/k. Thus, as mentioned above, 
it becomes more and more flat as k increases. It would be interesting to see whether it 
can be made sufficiently flat for inflation to take place. 

The inflationary potential V is due to gravitational attraction between the branes. 
Thus, it corresponds to a D-term potential in the low energy effective description. There- 
fore, the dynamics studied here is similar to that discussed in [19,20], where it was noted 
that such models have favorable properties in supergravity (i.e. at finite Gat). 

In this picture, the exit from inflation occurs when the mobile D4-brane reaches the 
vicinity of the curved fivebrane. There, processes of the sort depicted in figure 5 transfer 
the energy of the fourbrane to the fivebrane and reheat the universe. The endpoint of the 
dynamical process is a non-supersymmetric gauge theory, with gauge group SU(M — 1) x 
U(l) and fermions in the adjoint + bifundamental representation. 

It is natural to ask whether the early universe cosmology of the model is likely to lead 
to the type of initial conditions assumed in the above discussion. We will only comment 
on this issue here, leaving a more detailed study for future work (see [21-24] for recent 
discussions of some relevant issues). At high temperature the system is expected to be 
in the state with the largest number of massless degrees of freedom, which has the lowest 
free energy. For the moduli space (3.20) this is the branch with the largest number of 
mobile D4-branes, i.e. the one with / = (figure 8). At zero temperature and £ ^ this 
is not a true minimum of the energy function, but at high temperature this instability 
is washed out by thermal effects. As the temperature decreases, it becomes less stable, 
and eventually more and more of the mobile DA- branes undergo the process of figure 5 
and collapse onto the curved fivebrane. Thus, an initial state of the sort assumed in the 
discussion of inflation above is not particularly unnatural in the early universe evolution 
of this system. 
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4-2. Adding D-branes to KS 

The authors of [4] proposed that adding anti D3-branes to the type IIB brane system 
of [1] leads to the appearance of metastable states in which the antibranes expand into an 
iV.SS-brane which can only annihilate via quantum tunneling. Much about these states 
remains mysterious. In the IIB gravity regime, the approximations employed in [4] to 
establish their existence are not obviously reliable. If these states do exist, there is the 
question whether they should be thought of as metastable states in the Klebanov-Strassler 
gauge theory, or as states in a bigger theory that also contains the supersymmetric KS 
states. 

In this subsection we will study these issues in the IIA description. Our conclusions 
will not be directly applicable to the IIB regime, or to the gauge theory, since the different 
regimes are related by large continuous deformations, which may well change the energy 
landscape. Nevertheless, it seems useful to address these questions in any regime where 
they can be analyzed reliably. 

We start with the brane system studied in the previous sections, with 

p = kM -p; <p<M . (4.3) 

We saw that this system has a rich moduli space of vacua (3.20), labeled among other 
things by the number of mobile D4-branes p — IM, I = 0, • • • , k — 1. Since this number 
never vanishes, all the vacua (3.20) belong in this case to mesonic branches. 

Following [4], we start with the vacuum with / = k — 1, which has M —p mobile D4- 
branes, and add p pairs of DA and D4-branes wrapping the circle. The brane configuration 
now contains M L>4-branes and p D4-branes, and there are two possible things that can 
happen to it: 

(1) The antibranes can annihilate with some of the branes. This takes us back to the 
mesonic supersymmetric vacuum with M — p mobile D4-branes. 

(2) The M D4-branes can combine with the curved fivebrane (3.2), and increase its wind- 
ing from k — 1 to k. This describes the baryonic vacuum of the theory with p = kM, 
but now we also have p D4-branes propagating in the vicinity of the curved fivebrane. 

The second possibility gives rise to the metastable state of [4] . The D4-branes, which wrap 
the x 6 circle, are T-dual to the £>3-branes discussed in [4]. Placing the D3-branes at the 
tip of the conifold corresponds in the IIA language to placing the D4-branes at u = (see 
figure 10). In the IIB description it was argued in [4] that the antibranes expand into an 
Af,S5-brane carrying D3-brane charge. The IIA analog of this phenomenon is the following. 
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p D4 

Fig. 10: The baryonic branch of the brane system with p = kM, with p ZM-branes 
wrapping the circle (k = 1 in the figure). 

While the configuration of figure 10 is stationary, it is not stable. The D4-branes are 
attracted to the curved fivebrane (which carries fourbrane charge), and if one displaces 
them infinitesimally from u = 0, will start moving towards the fivebrane. Consider, for 
example, the case p = 1. The lowest energy configuration of the single D4-brane is qual- 
itatively described by the configuration of figure 11. It can be determined in the probe 
approximation; we will not describe the details here. The D4-brane flux carried by the 
bottom of the fivebrane in figure 11 is M — p; the location of the £>4-brane is determined 
by balancing the geometric and electrostatic forces acting on it. 




x 6 



Fig. 11: The configuration of figure 10 is unstable to decay to that depicted here. 

Since the D4-brane is displaced from the origin of the K 4 labeled by (v, w) (2.16), the 
configuration of figure 11 breaks the U(l) symmetry of the curved fivebrane (3.2), which 
acts as (opposite) rotations in v , w. The interpretation of this symmetry in the gauge 
theory was discussed in [3]. Its breaking gives rise to a Nambu-Goldstone boson, which 
corresponds to slow motions of the L>4-brane on the circle of fixed u(x 6 ) corresponding to 
its shape. 

If the number of D4-branes, p, is larger than one, 6 each of the D4-branes can be ana- 
lyzed as above. Since the different D4-branes repel each other [5] , they arrange themselves 

6 But much lower than M, so that we can neglect their backreaction on the shape of the 
fivebrane. 
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into a discretized tube connecting the two sides of the curved fivebrane. This is the IIA 
manifestation of the NSb-brane carrying p units of D-brane charge of [4]. The configu- 
ration of figure 11 is locally stable, but can decay via tunneling to the supersymmetric 
mesonic branch with M — p mobile L>4-brane described above. 

The dynamics described by the brane configuration of figure 11 in various energy 
regimes can be understood by starting at small u (low energy) and studying the configura- 
tion as we increase u. For u below the position of the antibranes, the brane configuration 
is identical to that of figure 7, i.e. it corresponds to pure N = 1 SYM with gauge group 
SU{M — p). As we increase u, we get to the position of the D4-branes (blue line in figure 
11). Above the corresponding energy, we can think of the brane system as describing the 
quantum vacuum of the brane system of figure 12. 



p M-p p 
I • • 1 ^ 

NS NS' 2ttR 6 x 6 

Fig. 12: The low energy description of the metastable vacuum of figure 11 consists 
(classically) of M — p D4-branes (red) and p D4-branes (blue) stretched between 
the iY»S5-branes. 



The effective gauge theory in this regime is an SU(M — p) x SU(p) x U(l) gauge 
theory with fermions in the adjoint and bifundamental representation of the gauge group. 
The bifundamental fermions are classically massless (figure 12), but quantum mechanically 
they acquire a mass via chiral symmetry breaking. This is the field theory analog of the 
fact that the antibranes are located at a finite value of u in figure 11. Continuing to larger 
u, the brane configuration approaches the baryonic vacuum of the theory with p = IM, 
with / increasing up to k at the UV cutoff scale (u = «oo)- The DA- brane gives rise to a 
localized perturbation of the curved fivebrane (3.2). 

Interestingly, the effective field theory that describes the metastable SUSY breaking 
state of [4], which corresponds to the brane configuration of figure 12, is the same as the 
low energy theory of the supersymmetric system with non-zero FI parameter £ (discussed 
after eq. (2.21)), with p here playing the role of p there. From the brane perspective, this 
is very natural - the two are related by a continuous deformation. Indeed, starting with 
the configuration of figure 6, one can move the fivebranes towards each other, such that the 
winding number k decreases. It is clear from the figure that no states go to zero mass in 
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the process; thus, the low energy theory is unchanged by this deformation. Eventually, the 
winding number of the M — p L>4-branes vanishes. If we go once more around the circle, 
these branes reverse their orientation, and we end up with a configuration similar to that 
of figure 12, with the two iVS^-branes displaced relative to each other in x 7 . However, it 
is clear from figure 12 and the analysis of [15] that this displacement also does not change 
the low energy spectrum and dynamics. 

Thus, we see that the brane systems of figures 6, 11 correspond to different UV 
completions of the SU(M-p) x SU(p) x U(l) gauge theory described above. In particular, 
in figure 6 (and 12) supersymmetry is broken in the ground state, while in figure 11 the 
same low energy theory arises as an effective infrared theory in a metastable ground state. 

An interesting and widely discussed question is whether the metastable state of [4] is a 
state in the cascading gauge theory (see e.g. [25-28]). In the IIA regime the answer appears 
to be negative for the following reason. The gauge theory provides a low energy description 
of the brane system of figure 1, or its quantum version discussed in section 3. While one 
can arrange the parameters of the model such that the metastable state of figure 1 has a 
small energy density, the height of the barrier for the tunneling to the supersymmetric state 
is determined by the energy (density) of p D/D pairs wrapping the circle. For p = 1 this 
energy is (in string units) E ~ Rs/gs- Using (2.20) one can write it as E ~ l/g 2 k, where 
g is the four dimensional gauge coupling of the low energy theory. Thus, for finite g, k, the 
height of the barrier between the supersymmetric and non-supersymmetric vacua is finite 
in string units, and hence the tunneling between the two goes to zero in the gauge theory 
limit. This should be contrasted with the situation in brane constructions of metastable 
vacua that are visible in the gauge theory, such as that of [13], where all energy scales, 
including the height of the barrier, can be taken to be small. Thus, we conclude that 
while the configuration of figure 11 is metastable in the full string theory, it is stable in 
the low energy theory. It corresponds to a different superselection sector of the theory on 
the branes from the supersymmetric vacua. 

5. N = 2 cascade 

N = 2 supersymmetric gauge theories are known to exhibit cascading behavior similar 
to that found for iV = 1 in [1] (see e.g. [29-31]). At first sight this is puzzling, since N = 2 
supersymmetric QCD does not exhibit Seiberg duality. As we saw above, the type IIA 
description provides a useful guide for studying the classical and quantum vacuum structure 
of cascading gauge theories. In this section we will use it to shed light on the N = 2 duality 
cascade. 
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p M+p p 
I • • 1 

NS NS 2tcR 6 x 6 

Fig. 13: The IIA brane configuration that realizes the N = 2 supersymmetric 
cascading gauge theory. 

The brane configuration corresponding to the gauge theory we are interested in is 
a close analog of that of figure 1, and is depicted in figure f3. The different branes are 
oriented as in section 2 (see (2.5)); the fact that the A^S^-branes are parallel implies that 
this configuration preserves eight supercharges, or N = 2 supersymmetry in the 3 + 1 
dimensions (0123). The low energy theory is in this case an N = 2 SYM theory with the 
gauge group 7 and matter content (2.1) - (2.3). The superpotential (2.4) is now absent and 
is replaced by the standard N = 2 superpotential that couples the adjoints in the vector 
multiplet of G (2.1) to the bifundamentals (2.3). If one breaks N = 2 SUSY by giving a 
mass to the adjoints (which corresponds in the brane picture to a relative rotation of the 
two fivebranes in (v,w)) one can recover (2.4) by integrating them out. 

In the rest of this section we will repeat the discussion of sections 2, 3 for the N = 2 
supersymmetric case, and describe the classical and quantum supersymmetric vacuum 
structure of the brane system of figure 13. It should be clear from the N = 1 analysis 
above, and from the study of many other systems reviewed in [5], that the results apply 
to (and can be stated in terms of) the low energy N = 2 SQCD. The brane picture merely 
provides a useful language for describing the vacuum structure. 

5.1. Classical moduli space 

The basic fact that governs the classical moduli space of the brane configuration of 
figure 13 is that fourbranes stretched between the two fivebranes ("fractional branes") are 
free to move along the fivebranes, in the v plane (2.16), while fourbranes that wrap the 
whole circle ("regular branes") are free to move in the whole transverse Hi 5 labeled by 
(45789). An example of a branch of the classical moduli space is the Coulomb branch for 
the two gauge groups, which corresponds in figure 13 to displacing the M + p coincident 
D4-branes to arbitrary positions V{, i = 1, • • • , M + p, and the p D4-branes connecting the 
fivebranes on the other side of the circle to v a , a = 1, • • • ,p. At a generic point in this 
moduli space (with all v, v distinct) the gauge group is broken to U(l) M+2p . When one 



7 We will include in the gauge group the U(l) factors, which were omitted in (2.1). 



30 



of the t?'s and one of the v's coincide, a bifundamental hypermultiplet goes to zero mass 
and a new branch of moduli space opens up. In the brane language it corresponds to the 
two fractional branes connecting into a regular brane, which can move off the fivebranes 
into the aforementioned IR 5 . 



n 





M+p-n 


p-n 


p-n 













b 2tiR 6 

Fig. 14: The brane description of A4 n , a component of the classical moduli space, 
has n fourbranes wrapping the circle moving in the transverse H 5 (in general away 
from the fivebranes), and M+p — n resp. p — n fourbranes connecting the fivebranes 
and distributed in the v plane. 

The full classical moduli space is a direct sum of spaces M. n -> n> = 0, 1, 2, • • • ,p, which 
are described in the brane language by the configuration of figure 14. As is clear from 
the picture, at a generic point in the moduli space the low energy theory includes N = 4 
SYM with gauge group U(l) n , and pure N = 2 SYM with gauge group U(l) M+2p ~* n . 
The different Ai n intersect on subspaces where some charged hypermultiplets go to zero 
mass, and have other singular points at which charged vector multiplets become massless 
and enhance the gauge group. 

As in the N = 1 case, the FI coupling £ for U(l)b corresponds in the brane picture of 
figure 13 to a relative displacement of the two AS'S-branes in x 7 . In general, this leads to 
non-supersymmetric vacua of the sort discussed in section 2 (around figure 3), while for 
p = kM with integer k one finds supersymmetric vacua of the sort discussed around figure 
4. These vacua involve fourbranes connecting fivebranes while winding [k times) around 
the x 6 circle. 

In the N = 2 case one can also displace the fivebranes in the (89) plane. This 
corresponds in the gauge theory to turning on a linear superpotential W = ATr$ for 
the chiral superfield in the U(l)b vector multiplet. It has a similar effect on the vacuum 
structure to that of the FI term. In fact, (£, A) transform as a triplet under the SU(2)r 
symmetry of the N = 2 SYM theory, which corresponds in the brane language to the 
rotation symmetry SO (3) 789. 
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5.2. Quantum moduli space 

Going from classical to quantum gauge theory corresponds in the IIA brane system to 
turning on a finite string coupling g s . When one does that, the system of two A^-branes 
connected by N D4-branes becomes a single connected NS5-brane carrying L>4-brane 
charge [32]. 8 For example, the Coulomb branch discussed above, which corresponds to 
figure 14 with n = 0, is described by a curved fivebrane which looks asymptotically (at 
large v) like a pair of curved AS^-branes with the profile z ~ ±Am hii> (see the discussion 
around eq. (3.3) for the notation), connected by M + p respectively p tubes. The precise 
form of the curved fivebrane is described in [32] . 

In the N = 1 supersymmetric case we saw (in section 3) that the quantum vacuum 
structure is richer than the classical one. The basic reason for that is that configurations 
which are identical in the classical limit become distinct at finite g s . In particular, the 
classical configuration of M D4-branes connecting the fivebranes with M additional four- 
branes wrapping the circle and intersecting the fivebranes, can be viewed as the classical 
limit of either the Higgs branch (figure 8) or the baryonic branch (figure 9). We expect 
the same to happen in the A = 2 case. 

Consider, for example, 9 the branch of moduli space with n = p in figure 14. In this 
branch, the theory generically reduces at low energies to a direct product of A = 2 SYM 
with gauge group SU(M) along its Coulomb branch, and p copies of U(l) A = 4 SYM. 
The configuration of figure 14 describes the classical moduli space; quantum mechanically, 
the fourbranes connecting the two fivebranes become finite tubes. Together with the NS5- 
branes they make the curved fivebrane [32] 

t 2 + B(v)t + 1 = 0, (5.1) 

where t = ex.p(—z/R) and B(v) = v M + u 2 v M ~ 2 + ■ ■ ■ + um- As in the N = 1 case, we 
can introduce a UV cutoff by taking \v\ to be bounded, \v\ < v^, and demand that the 
distance between the two arms of the curved fivebrane at the cutoff scale is equal to some 

8 In [32], g s was taken to be large. In this limit the bulk spacetime becomes eleven dimensional, 
and the fivebrane in question becomes an M5-brane. As discussed in [3], one can alternatively 
consider the limit g s <C 1, g s N 3> 1, in which the right description is in terms of an iVS'S-brane 
in weakly coupled type IIA string theory. 

9 It is easy to generalize the discussion to other branches of the moduli space. 
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fixed length L\ < 2nR 6 , "the distance between the fivebranes". If the moduli 112, ■ ■ ■ ,um 
are small relative to the cutoff scale Voo, one has 

Li ~2A M hi(tWC), ( 5 - 2 ) 

with ( a scale that was set to one before. 

Following the discussion of the N = 1 case, one can obtain additional branches of 
the quantum moduli space by taking IM of the p mobile D4-branes to coincide with the 
M L>4-branes stretched between the fivebranes, and consider the quantum configuration 
corresponding to M fourbranes connecting the two AS'-branes while winding / times around 
the circle, together with p — IM mobile L>4-branes in the bulk of the IR 5 . For p of the form 
(2.21), the maximal value of / is Z max = k, and if p = 0, one has in that case a close analog 
of the baryonic branch of the N = 1 supersymmetric theory of section 3. The low energy 
theory in this branch is pure N = 2 SYM with gauge group SU(M), and the moduli space 
is its Coulomb branch. The curved fivebrane is again described by (5.1), but now the 
distance between the two arms at the UV cutoff scale, which enters (5.2), is L\ + 27r/c.R 6 , 
as in the N = 1 discussion. Hence the fivebrane winds k times around the x 6 circle. 

An important difference with respect to the N = 1 discussion is that for N = 2, 
every time the curved fivebrane winds around the circle it intersects itself at 2M points. 10 
This self intersection is very similar to the one discussed in appendix A. As there, each 
intersection point supports a £7(1) vector multiplet and a massless charged hypermultiplet. 

The rest of the discussion is similar to the N = 1 case. The fivebrane (5.1) that 
winds / times around the circle describes a particular branch of the moduli space of the 
theory corresponding to figure 13 with p = kM. By decreasing the value of the UV cutoff 

one can also view it as a vacuum of the theory with p = (k — 1)M, (k — 2)M, etc, 
together with 2M, AM, ■ ■ ■ decoupled sectors consisting of a vector multiplet and a charged 
hypermultiplet . If we neglect these decoupled sectors, we conclude that the theories with 
p = IM with different values of / share part of their moduli space of vacua. Of course, 
there are some branches of the moduli space that are different as well. That was already 
the case in the = 1 case [2], but for N = 2 there are more branches of moduli space, 
and naturally more of them are different in theories with different values of /. 

10 To find these points one needs to calculate the intersections of the curve (5.1) with another 
copy of this curve, in which t — >• It (see (3.19) for the definition of /). 
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To understand the origin of the N = 2 duality cascade from the point of view of 
the low energy gauge theory, consider the simplest case p = M. The vacuum structure 
of the resulting U(2M) x U(M) gauge theory can be analyzed by studying first the limit 
where the U(M) gauge coupling is very small. Then we have a U(2M) N = 2 SQCD 
with Nf = 2M flavors. As we review in appendix A, this theory has a baryonic branch, 
whose root is described at low energies by a U(1) 2M gauge theory with 2M hypermultiplets 
charged under the different U(l) factors [33], see eq. (A.l). These fields are all singlets 
under the SU(Nf) global symmetry. Thus, gauging U(M) does not influence them, and 
the full low energy theory at the root of the baryonic branch is a direct product of the 
above abelian sector and the Coulomb branch of pure U(M) N = 2 SYM. This picture 
is in complete agreement with the brane description above. The baryonic branch of the 
moduli space is described by a curved fivebrane (5.1) that winds once around the circle. 
The abelian factors live at the 2M self intersections of this curve, while the small v shape 
of the fivebrane describes the Coulomb branch of the low energy U(M) pure SYM. Clearly, 
one can iterate this procedure to describe the vacuum structure of theories with larger p, 
as was done in [2] for the A = 1 case. 

To summarize, if one neglects the abelian sectors, one finds that the U(IM) x U((l — 
1)M) gauge theories at the root of their baryonic branches are all equivalent, and flow in 
the IR to pure U(M) N = 2 SYM; this equivalence is manifest in the brane description. 
This is the origin of the cascading behavior seen in the IIB description in [29-31]. The 
cascading geometries in these papers appear to describe the dual of the curved fivebrane, 
whereas the abelian factors that distinguish theories with different values of / presumably 
correspond to singletons, that live at the boundary of the space. 

As mentioned above, the full quantum moduli space of the N = 2 gauge theory with 
general p is quite intricate. For example, starting with the classical moduli space M n of 
figure 14, we can take 1\{M + p — n) of the mobile D4-branes and attach them to the 
M + p — n D4-branes stretched between the fivebranes, making them wind h times around 
the circle; similarly we can attach Z 2 (p — n) of the remaining mobile D4-branes to the p — n 
stretched £>4-branes in figure 14, and make them wind Z 2 times around the circle. This 
gives new branches of moduli space labeled by (7i, / 2 , n), which satisfy 

h(M + p - n) + l 2 (p - n) <n . (5.3) 

The discussion of this section can be generalized to these vacua as well. 
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6. Discussion 

The main conclusion of this work is that the IIA brane description provides a useful 
qualitative and quantitative guide to the dynamics of cascading gauge theories with various 
amounts of supersymmetry. In particular, we saw that for the N = 1 cascading theory of 
[1] , the classical and quantum moduli spaces of supersymmetric vacua agree, including the 
dependence of the dynamically generated scale (3.21) on the parameters labeling different 
branches of moduli space (which is given in the brane picture by (3.18), (3.19)). The 
brane picture makes it clear that the cascade utilizes a weak form of Seiberg duality, which 
involves deformed SQCD, and can be proven regardless of whether the stronger version of 
the duality holds. 

We also saw that the brane picture provides a useful guide to the non-supersymmetric 
dynamics of the theory. In particular, we discussed the stable non-supersymmetric vacuum 
obtained for non-zero FI parameter £ and generic p, M, and the dynamics as one approaches 
it from vacua on the classical pseudo moduli space. It would be interesting to find the 
IIB geometry corresponding to the stable non-supersymmetric vacuum of figure 6, which 
describes the brane system with p ^ 0. It is natural to expect that when g 8 p, g s M are 
large, this geometry should be smooth. 

We saw (in section 4.2) that the metastable state described in IIB language in [4] has 
a IIA analog. The fact that this state exists in the regime of parameter states where the 
IIA description is reliable supports the construction of [4] . In the IIA regime this state is 
clearly metastable, and decays to the same supersymmetric state as in the proposal of [4]. 
An interesting open question is whether this state exists also in the gauge theory. From 
the IIA point of view this appears to be unlikely. To get it we added a DA/ DA pair to the 
theory with p = kM — p. This seems to lead to a system with more degrees of freedom 
than the original SU(p) x SU(M + p) x U(l) gauge theory. This is reflected in the fact 
that the height of the barrier between the non-supersymmetric and supersymmetric vacua 
goes to infinity in the gauge theory limit (m s — > oo with the gauge coupling held fixed). 
We also noted that the low energy dynamics of the metastable state is closely related to 
that of the non-supersymmetric state at non-zero £. As we saw, this is very natural from 
the brane description. 

In section 5 we generalized the discussion to systems with N = 2 supersymmetry. 
The type IIA description clarifies why they exhibit cascading behavior despite the fact 
that Seiberg duality is not a symmetry of such theories. This is due to the fact that while 



35 



the full theory does not exhibit Seiberg duality, certain vacua do. Thus, some of the vacua 
of the N = 2 theory with gauge group U(M + p) x U(p) are shared by theories with 
p — > p — M,p — 2M, ■ ■ ■. Even in these vacua the equivalence is not complete - theories 
with higher p differ from those with lower one by a decoupled sector with an abelian gauge 
group coupled to charged hypermultiplets. 

Acknowledgements: We thank O. Aharony, K. Dasgupta, A. Giveon, J. Marsano, N. 
Mekareeya, and J. Seo for discussions. AW thanks the EFI at the University of Chicago for 
hospitality while part of this work was completed. The work of DK is supported in part by 
DOE grant DE-FG02-90ER40560 and by the BSF - American-Israel Bi-National Science 
Foundation. The work of AW is supported by the McGill University Schulich Fellowship. 



Appendix A. Aspects of the IIA description of N = 2 SQCD 

N = 2 SQCD with gauge group U (N c ) and Nf hypermultiplets in the fundamental 
representation of the gauge group can be described by the brane configuration of figure 15. 



N f 



Fig. 15: The brane description of N = 2 SQCD with N c colors and Nf flavors. 



It consists of two iVS'-branes (see (2.5) for the orientations of the branes) connected by N c 
("color") L>4-branes, which give rise to N = 2 SYM with gauge group U(N C ). Nf ("fla- 
vor" ) D4-branes attached to one of the fivebranes give hypermultiplets in the fundamental 
representation of the gauge group. In order to study the full moduli space of vacua of the 
theory one needs to terminate the Nf flavor branes on D6- branes, but since this is not 
going to be important for our purposes, we will keep them semi-infinite. 

The classical and quantum vacuum structure of N = 2 SQCD was analyzed in [33]. 11 
Our main interest is going to be in the parameter range N c < Nf < 2N C , and in the 

11 These authors studied the case of SU(N C ) gauge group, but the theory with gauged baryon 
number is closely related. 
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baryonic branch, in which the gauge symmetry is in general completely broken. At the 
origin of this branch the classical theory has an unbroken U(N C ) gauge symmetry, but 
quantum effects are large. The authors of [33] showed that in the quantum theory, the 
origin of the baryonic branch has an alternative weakly coupled description with gauge 
group 

U(N c )xU(l) N °-"°; N c = N f -N c . (A.l) 

The matter consists of Nf hypermultiplets in the fundamental of U(N C ) which are not 
charged under the U (l)'s, and N c — N c hypermultiplets which are singlets of U (N c ) and 
charged under the U (l)'s (the latter can be normalized such that ej has charge —dij under 
the i'th [/(!)). 




Fig. 16: The brane description of N = 2 SQCD at finite £. 

From the brane perspective, this can be understood as follows. As discussed in the 
text, one can take the theory into the baryonic branch by turning on the FI parameter £, 
which corresponds in the brane description to a relative displacement of the iVS'-branes in 
the x r direction. For finite £ the U(N C ) gauge symmetry is broken and the brane system 
splits into two disconnected components (see figure 16). As £ — » the U(N C ) gauge 
symmetry is restored, and quantum effects become important. Thus, we have to replace 
the brane system of figure 16 by its finite g s analog [16,32]. The two fivebranes in figure 
16 take the forms 

v N °=t, v"° = , (A.2) 

respectively. Here we used the freedom of choosing the origin in x 6 , x 11 to set the coefficient 
of t to one for one of the two fivebranes. The constant £ can be determined by imposing the 
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boundary conditions that at \v\ = |i>oo| the two fivebranes are separated by the distance 



Viewed in the (xe, \ v\) plane, the fivebranes take the form depicted in figure 17. 



Ivl 




X 6 

Fig. 17: The origin of the baryonic branch of N = 2 SQCD in the quantum theory. 
The dashed line corresponds to the UV cutoff \v\ = \voo\- 



The fact that the two fivebranes approach each other as \v\ decreases reflects the growth 
of the gauge coupling in the infrared. At some point the fivebranes intersect and cross, 
and for smaller \v\ (i.e. low energy), their ordering in x 6 is reversed. As we further lower 
\v\, the distance between the fivebranes increases, reflecting the infrared freedom of the 
low energy effective theory. To see what that theory is we need to take the classical limit 
of the resulting brane configuration, which is depicted in figure 18. 



Nf-N c 



N f 



Fig. 18: The classical limit of the small v limit of the brane configuration of figure 
17. 
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It is a U(Nc) N = 2 SQCD with Nf flavors, which is indeed not asymptotically free (and 
is thus weakly coupled in the IR). This theory is very similar to that found in [33], (A.l), 
but it is missing the U(l) factors in the gauge group and the charged hypermultiplets e;. 

It is clear from figure 17 that these must come from the fivebrane intersection. While 
it seems from the figure that the two component fivebranes intersect at a single point, in 
fact there are iV c — N c intersection points (at finite t), which can be obtained by imposing 
both equations in (A. 2). This gives 

V N C -N C = ( -N c ^ (A _ 4) 

which has N c — N c solutions lying on a circle of fixed \v\. Comparing to (A.l), it is 
natural to conjecture that each intersection supports a U(l) vector multiplet and a charged 
hypermultilet. It should be possible to show this directly in string theory, but we will not 
attempt to do this here. 

Note that here we are interpreting the radial direction transverse to the D4-branes, 
\v\, as parametrizing energy, with small (large) v corresponding to low (high) energies. It 
may seem peculiar from this point of view that some of the massless degrees of freedom, 
namely the U(l) factors in (A.l) live at finite v, (A.4). This phenomenon is actually 
familiar from the study of brane systems in string theory. The non-abelian degrees of 
freedom associated with such systems (say, the SU(N C ) part of the gauge group) typically 
live in the near-horizon region of the branes, while the U(l) factors are localized in the 
interface between the near and far regions. 

To summarize, the brane system of figure 15 provides a simple way to understand the 
dual description of the root of the baryonic branch of A = 2 SQCD (A.l). This description 
is in the spirit of [10]; the non-abelian factor in the dual gauge group arises from brane 
exchange (which happens here as a function of RG scale), and the U(l) factors and charged 
hypermultiplets live at self-intersections of the quantum fivebrane. 12 Turning on a FI term 
in the microscopic theory corresponds in the low energy description to a FI term for the 
overall U(l) in U(N C ) and all the U(l) factors in (A.l), which Higgses the gauge group 



12 The brane description also makes it clear that the dual description of the root of the baryonic 
branch (A.l) is related to the microscopic N = 2 SQCD in a simpler way than the magnetic Seiberg 
dual theory [9] is related to the microscopic electric theory in the N = 1 supersymmetric case. In 
particular, while in the former case one can derive the dual (or effective low energy) description 
from the microscopic one, in the latter no such derivation is known. 
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and gives masses to the e^. In the brane description this corresponds to separating the 
two component fivebranes in figure 17 in x 1 ', so they no longer intersect, and all degrees of 
freedom associated with the intersections become massive. 

The authors of [33] also discussed what happens to the theory when one breaks N = 2 
supersymmetry down to N = 1 by giving a mass to the adjoint chiral superfield in the 
(S)U(N C ) vector multiplet. In the brane description this corresponds to rotating one of 
the iVS'-branes in figure 15 from the v to the w plane. Since the fivebranes are no longer 
parallel, the curves in figure 17 do not intersect in the extra dimensions. This is the brane 
reflection of the fact that in this case the charged chiral hypermultiplets e$ get a non-zero 
vev, Higgs the U(l) gauge group, and lift to non-zero mass all states associated with the 
intersections. 
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